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AN APPROXIMATE METHOD OF DETERMINING THE SUBSONIC FLOW IN AN
ARBITRARY STREAM FILAMENT OF REVOLUTION CUT BY
ARBITRARY TURBOMACHINE BLADES
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SUMMARY

A method is presented to obtain a relatively quick approximate
determination of the detailed subsonic flow of a nonviscous fluid past
arbitrary turbomachine blades. The governing equations are formulated
as though the flow were constrained to stream filaments of revolution
(the thicknesses of which vary as they pass through the machine).
Attention is first fixed on a certain streamline lying between the
blades and in such a filament. The shape of this streamline and the
specific mass flow (product of density and velocity) along it could be
estimated, for example, from the shape and the width of the channel
formed by two adjacent blades and from the inlet conditions. From
these starting values, the governing equations yield separate values
of density and velocity ccamponents and their derivatives in the circum-
Perential direction. These values are incorporated in a Teylor's series
to provide the analytical continuation of the flow quantities from the
chosen streamline to the blade surfaces. Considerations of integrated
mass flow then show how the assumed shape of and specific mass flow
along the chosen streamline mist be adjusted to provide a starting point
in a second cycle of camputation.

The method is illustrated with examples of campressible flow in a
turbine cascade and in a centrifugal compressor. For these high-solidity
blades, three terms of the Taylor's series are found to-give sufficient
accuracy. Sufficient convergence is obtained in the turbine cascade
after two cycles of camputation (started with an available incompressible
mean streamline) and in the centrifugal compressor after four cycles of
computation (without any aid of available information). The detailed
flow variation obtained compares very well with an availsble numerical
solution and experimental data for the turbine cascade and with detailed
experimental measurements for the centrifugal campressor. Because each
cycle of computation for compressible flow takes only 16 hours, suc-
cessive improvement of the solution is practical.
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INTRODUCTION

A basic aerodynamic problem of gas-turbine engines is the flow of
air or gas through the compressor or turbine bladings. When the dis-
tance between hub and casing is relatively short, the air or gas may be
assumed, for an gpproximate solution, to flow along surfaces of revolu-
tion which are usually noncylindrical (figs. 1 and 2). The equations
governing the flow of a nonviscous compressible f£luid along such sur-
Taces have been formulated recently by the use of a set of orthogonal
coordinates ,1 and ® (meridional and angular, respectively) on the
surface (figs. 1 and 2), and general methods of solution for both sub-
sonic and supersonic flow are given (references 1 and 2). In the case
of supersonic flow, solution by the use of the method of characteristics
is satisfactory. But in the case of subsonic flow, the general numerical
method suggested takes a long time to accomplish if a high~speed large-
scale digital computing machine is unavailable., In such a case, a much
quicker approximate method of solution which gives sufficient accuracy
is desirable.

When the distance between hub and casing of the campressor or tur-
bine is relatively large, the two-dimensional solution of the flow along
the surfaces of revolution cut by the blade sections becomes inadequate.
A general theory of three-dimensional flow is given in reference 3, in
which the complete three-dimensional flow in a turbomachine is obtained
by a sultable carbination of two-dimensional flows along two kinds of
stream surface extending, respectively, from hub to casing and from
blade to blade (fig. 3). In the first stage of such calculations, it
is desirable to have some general approximate knowledge of the detailed
flow varistion from blade to blade cbtainable by relatively quick
approximate methods by assuming that the gas flows along surfaces of
revolution.

For these purposes, a quick approximate method of solution of the
detailed subsonic flow of a nonviscous fluid past arbitrary turbomachine
blade sections along an arbitrary surface of revolution has been
developed at the NACA Tewis leboratory. The method is essentialiy an
extension of the general two-dimensional blade design method reported
in reference 4 and is particularly useful for high-solidity blades, such
as those encountered in axial-flow turbines and radial- or mixed-flow
compressors and turbines. The method is presented and is then illus-
trated by two examples, namely, compressible flow past a turbine cas-
cade and compressible flow along a curved stream filament of revolution
(et the mean blade height) in a centrifugal compressor. The velocity
and pressure distributions along the blade surfaces as well as across
the channel are compared with available numerical solutions or experi-
mental measurements or both.
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SYMBOLS
The following symbols are used in this report:

static enthalpy

h+ 2 W - 3 oPr2

blade length projected on turbomachine axis

orthogonal coordinates on mean surface of revolution

mass flow

number of blades

pitch or spacing

static pressure of gas

total pressure of gas

radial distance from axis of turbomachine

normal channel distance from hub to casing in meridional plane
blade thickness in circumferential direction \
blade speed, ar '

absolute velocify of gas

velocity of gas relative to blade

distance equal to r® for flow on cylindrical surface

distance along exis of turbomachine

W W
slope of streamline on stream surface, tan~1 ﬁz or tan-l ﬁE
b4 1

ratio of specific heats
correction in specific mass flow
density of gas

Wy

slope of meridional curve, tan-1 T
z
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T normal thickness of stream filament of revolution
¥ stream function -

w angular velocity of blade

Subscripts:

c on chosen streamline

i at inlet

1,® meridional and circumferential components, respectively
m on meen streamline

js) pressure surface of blade

s’ suction surface of blade

t total or stagnation state

'y y-component

Z z-component

Superscript:

* dimensionless value obtained by dividing by inlet value

METHOD
Equations Governing Flow on Arbitrary Surface
of Revolution

When the gas is assumed to be nonviscous and to flow steadily along
surfaces of revolution in turbomachines, a relatively simple description
formmlated in reference 1 of the governing equations for the gas flow
is applicable. For the gas flowing in an arbitrary stream filement of
revolution defined by the meridional coordinate. 1 and the angular
coordinate @ of the mean surface of revolution and by the varying
normal thickness T of the stream filament (fig. 1), the continuity
equation takes the following form:

o(tpWyr).  O(TPWp) '
R W

2384
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The circumferential camponent of the equation of motion for irrotational
ebsolute flow is

s oW W
;“p-%a—%+ —rc-p+2m sin o = 0 (2)
The density of the gas is related to its value at the inlet and the
local gas velocity by the use of. the isentropic relation between enthalpy
and density of perfect gases
I+5afr? -z wue\r-1 )
p*= £ - — (3)

Py hy

in which I 1is a constant for steady adiabatic flow.

General Description of Approximate Method of Solution

In order to obtain a relatively quick approximate solution of the
flow equations (1) to (3) on a given arbitrary stream filament of
revolution cut by arbitrary turbomachine blades, attention is first
fixed on a particular streamline about midway between two neighboring
blades (fig. 2(a)), as in the design method of reference 4. The shape
of this streamline and the specific mass flow pW; along it are 'esti-

mated from the given blade shape and the inlet and exit conditions, and
separate values of velocity camponents and density on this chosen
streamline are then easily computed. After this, successive circum-
ferential derivatives of velocities are obtained from the values
obtained on the chosen streamline, and the fluid properties in the
angular direction are obtalned by employlng these derivatives in a
Taylor's series. To this point, the calculation is exactly the same

as that in the blade design method given 1n reference 4.

After campletion of this phase of the work, the mass flow between
the chosen streamline and the two given blade surfaces is computed,
rather than, as in reference 4, the blade coordinates being camputed for
a given inlet mass flow. By comparing the relative percentages and the
total mass flow with the value given at the inlet, the shape of the
chosen streamline and the specific mass flow along it are corrected. In
general, this process is repeated until zonvergence is obtained. (In
the subsequent examples, after same experience on the part of the com-
puter, the later cycles for both examples are completed within 16 hr
each.) The accuracy of the solution of the problem then depends most

.on the number of terms used in the Taylor's series. For a check of the

accuracy, the data obtained in the solution lead quickly to a calculation
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of the residuals of a second-order partial differential equation in the
stream function, which is obtained by combining equations (1) and (2)
(see reference 4). If the residuals are found to be large , the solu-
tion can be readily lmproved by the relaxation technique and a more
accurate solution of the given blade on the given surface is established.

Cholce of Starting Streamline

The choice of the starting streamline used in the calculation
depends on individual cases. In axial-flow-iype machines, the stream-~
line circumferentially dividing the mnss flow in the channel into two
equal parts (fig. 2(a)) is best to use and is found to resemble some-
what the blade mean line in reference 1. This streamline is designated
the mean streamline, and the flow on it may be taken as the mean in the
channel. In the centrifugal campressor problem to be presented later,
the mean streamline is found to be too close to the suction surface of
one blade. (The shape is also quite different from the blade mean line.)
The extension of the filow from the mean streamline to the pressure sur-
face of the outer blade therefore requires more terms in the series.

As a camprcmise, a streamline having 65 percent of the mass flow between
it and the suction surface of one blade is chosen.

Calculation of Flow along Chosen Streamline

If no better information is aveilable, the shape of the chosen
streamline is taken as that of the blade mean line and the specific mass
flow along it is estimated as the average value between the blades

according to the following relation:

(PW7)e Tr P (4)
AR =

or

(PHy)e  Tyry p

(") = (oW, ); ~ Tr Bt (42)

(See the appendix for the scheme of nondimensionalization.) From this

value of p*W¥, the slope of the chosen streamline (tan B,), and the
1 c
given inlet condition, separate values of W *, Wc;, and p* along the

chosen stresmline are obtained as follows: Equation (3) is rewritten

2384
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5 1
Y-1 :
z = <l -5 (5
52 )
where
ril
. 2’[.]‘%1 I+§'(D21‘2 -1
— e 2
¢ = (p*Wy sec B), 3 hiy By (6)
and
I+ —Z:Ilwzrz -1
—p*| -
Z=0p] I (7)

Tebles listing Z in small intervals of ® are given in refer-
ence 3 for ¥ = 1.4 and 4{3. (There is a misprint of a minus sign in
the exponent of equation (5) at the top of the tebles given in refer-
ence 3.) With the given values of p*W; sec B dlong the chosen stream-

line, ¢ is calculated according to equation (6), £ is then read from
the table, and p: is obtained according to equation (7). After p:

1s determined, W; c and ch o are easlly obtained by use of the fol-
J b
lowing formulas:

¢~ p¥ (8,)

w =w’7‘: tan B (9)

Whenever there is available information concerning the flow Past
similer blades, this information should be used to obtain a better esti-
mate of the shape of and the flow on the chosen streamline in the first
calculation.

Angular Vari_a‘tion of Fluid State

The first- and second-order angular derivatives of W’L 5 %P’ and p

at the choésen streamline can be obtained from the basic equations (1),
(2), and (3) (see reference 3 for derivation) as
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r 3 T 57— *+ (W + 20r) sin o} cos? B (10)

1 Arrew;)

4w,
ch: [ azﬁ+ (Wp + 2ar) sin 0] ten B - 55— cos? B (11)
13p l ‘ oWy Oy
= = W W 12

daw aw,
‘banB(r%‘a‘@(E+ sinc%) cos? B (13)
azwz g M M
g——=ra ) -ta.nBa—c;+sinc§¢— ©o(14)
la_"’e=.?-_*r<ap)2_

: 2w d2 oW )7/
1 1 Wy )
[ o () (3 o

1,22 _1
(Tl)(I+2(Dr >

Third- and higher-order derivatives, if required, can also be
obtained. The variation of any fluid property q across the channel
at a constant value of 1 is then computed by a Taylor's series in

(o - @)

o =a s o-0) (B« TP (33) - (R

7822
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After the variation of fluid state in the angular direction is
obtained, the mass flow across any constant-1 line from the chosen
streamline to the suction and pressure surfaces of the two adjacent
blades is computed by the following formulas (fig. 4):

: fq’c

Mg = TrJp, oW 49 . (17)
, J\cop

Mp = TrJp - oWy a9 (18)

Correction of Shape of and Specific Mass Flow along
Chosen Streamline

The correctness of the solution within the accuracy of ‘the finite
terms retained in the series is indicated by the following three items:
(1) the closeness of the sum of Mg and MP to the given inlet value,

(2) the constancy of the relative magnitudes of Mg and MP along the
streamline, and (3) the closeness of the ratio of ch to Wy computed
at the blade surface and the slope of the given blade surface.

A simple method of correction:is suggested. In figure 4(a) are
shown a number of stations used in obtaining the mass flow across a
constant-1 line, which are equally spaced in each of the two segments.
The variations of pW; and mass flow along @ obtained in the solution
are shown by the solid lines in figures 4(b) and 4(c), respectively.
Whether (Ms + MP) is greater or smaller than the inlet mass flow indi-

cates whether the pOW; value is, in general, higher or lower, respec-
tively, then the correct value. With the variation of pW1 with respect

to @ assumed correct, a constant (with respect to ®) A is added to .
the pPW; values obtained in the solution to fit the mass flow; thus

M; - TrJ’(_;:p PWy 4P

T (9 - Pg) (29)

A =

A corresponding increase in mass flow equal to Tr(®-®;) multiplied by

A is then added to the curve in figure 4(c), resulting in the dashed
line. A new position of the chosen streamline ®} is obtained by read-

ing from this new curve at the chosen percentage of mass flow.
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This process of correction is to be applied at each statlion along
the mean streamline, Further adjustment can be made for the right flow
direction at the blade surfaces. The chosen streamline may also be
corrected a short distance outside the channel by using the finite-
difference equations given in reference 1, or end-point differentiation
formulas may be used at the first and last stations inside the channel.
If accurate determination of the velocity distribution near the leading
edge is desired, either shorter spacings can be chosen there and dif-
ferentiation coefficients for unequal spacings (reference 5) can be
used, or a portion of the flow region near the leading edge can be
improved by the finite-difference methods given in reference 1.

APPLICATTIONS

The method described is applied to cbtain an spproximate solution
of compressible flow past a turbine cascade of uniform T and along a
curved stream filament of revolution with variable T in a centrifugal
compressor.

Turbine Cascade

This is a relatively simple case of the general method. For two-
dimensional flow past a cascade of blades, T is uniform throughout and
T/Ti is unity; also, r 1is a constant and sin o = 0. For convenlence,
the coordinates r and ® are combined to become ¥y (coordina“be 1
becames coordinate =z).

The cascade chosen is that investigated in reference 1, for which
data showing detailed theoretical flow variation at inlet Mach numbers
of 0.42 and O and the experimentally determined pressure distribution
on the blade at an inlet Mach number of 0.42 are available.

The shape of the mean streamline and the variation of W; obtained
in the incampressible solution (see figs. 8 and 10 of reference 1) are
used as the starting mean streamline and the variation of specific mass
flow p*W} along the mean streamline, respectively, for the compressible
solution at an inlet Mach number of 0.42.

After the flow on the mean streamline is determined, the extension
in the y-direction is accamplished by the use of the first three terms
of the Taylor's series. The mass flow camputed for the given blade
shape is found to be somewhat high in most places and the division of
mass flow is such that Mg is slightly lower than MP A correction is

then made according to the method described. The results of the second
solution are entirely satisfactory and no further correction is made.
(The computation follows the setup given in reference 4.)

2384
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The starting and corrected mean streamline coordinates are shown
in figure 5(&). The starting and corrected values of (p W*) and the

retio P/(P-t) are shown in figure 5(b). The variation across the
channel of the magnitude of the dimensionless velocity camponents as
well as of the resultant velocity is compared with the relaxation solu-
tion of reference 4 in figure 6. The velocity distribution around the
blade is compared with the relaxation golution and experimental value
‘of reference 1 in figure 7.

In general, the ccmparison is satisfactory. The good correlation
is especially apparent for most of the channel along the pressure sur-
face of the blade. However, the velocity gradient of the entrance and

. exit sections for the suction surface of the blade is somewhat dif-
ferent; the experimental curve has a steeper gradient than either
theoretical curve.

Flow along Curved Streem Filament of Revolution at Mean Blade

. Height in Centrifugal Impeller

The method is applied to a more general case of the flow along a
curved surface of revolution in e centrifugal impeller for which the
experimentally measured blade-to-blade flow variation at the mean blade
height is availeble (references 6 and 7). In reference 7, the theo-
retical velocity distribution around the blade surface is obtained
essentlally by assuming that the mean streamiine has the same shape as
the blade mean line and that a linear variation of air velocity exists
across the passage. Negative theoretical velocity, which is not observed
experimentally, is obtained at the pressure surface. With the cor-
rection procedure for the shape of and the specific mass flow along the
chosen streamline and the provision of a Taylor's series to consider
more than a linear variation of the flow condition across the passage,
the present method is gpplied to this impeller for a more complete com-
parison with the experimental data. .

Simplifying assumptions. - So that this theoretical computation
can be made and the results compared with the experimental data, the
following assumptions must be emphasized:

(l) In order to campare the theoretical results with the available
experimental data measured along the surface of revolution at the geo-
metrical mean blade height (gig. 8), it is assumed here that the air
particles lying on a circle of the mean radius 8.15 at the inlet sub-
sequently form a stream surface of revolution which coincides with the
geometrical mid-blade-height surface instrumented in the aforementioned
experimental study. In general, the stream surface so formed by the
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ailr particles lying originally on & circle at the inlet deviates from a
surface of revolution. The magnitude of the deviation, however, is yet
to be determined. A surface of revolution may be assumed for simpli-
city; if desirable, however, the position of the surface may be more
accurately obtained from a hub-to-casing calculation along an 82
surface similar to that shown in figure 3 by the method given in refer-
ences 3, 8, 9, or 10, This is not done herein because experimental
data are availgble only along the mean-blade-height surface of revolu-
tion.

(2) In the present solution, it is assumed that the ratio of the
normal thickness of the stream filament T +o its inlet value 1s the
same a8 the ratio of the normsl distance between hub and casing T at
the same place to that at the inlet; that is, T/Ti is equel to T/Ti.
A more correct value could again be obtained f£from the aforementioned
calculation. From the results obtained in an incompressible solution
given in reference 9 for a similar centrifugal impeller, it is found
that T/T; dis larger than T/Ty in the first half of the flow path
and smaller in the second half (fig. 9). This approximation will there-
fore give lower and higher velocities, respectively, for these two
portions.

(3) Viscosity effect is neglected in the theoretical calculation.
The boundery layer in the actual flow reduces the effective channel area
and thereby increases flow velocity, and the viscous losses increase the
entropy of the air and reduce the rise in static pressure. These effects
should be small at the inlet and increase gradually toward the exit.

Computation procedure. - Without any help of available information
on the relation between the shapes of the mean streamline and the mean
blade line for this type of flow (on a general surface of revolution),
the starting calculation is made with an assumed mean streamline the
same as the blade mean line and located midway in the chanmel. TIts posi-
tion downstream of the blade is determined on, the basis of a slip factor
of 0.91 and the condition that the angular momentum of the air remains
constent elong the streemline. The starting value of p*Wg is based

on equation (4a) with an inclusion of a multiplication factor of 1.23

to account for the reduction of chanmnel cross-sectional area caused by
the taper in the blade section (see fig. 3 of reference 7). Eleven sta-
tions 1.1 inches apart are used inside the impeller (figs. 2(b) and 8).
The determinations of the flow along the mean streamline and of the first
and second derivatives of flow velocities in the angular direction are
given in table I. The determination of the mass flow between the mean
streamline and the two blade surfaces at one station is shown in teble II.

2384
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The results obtained in this calculation show that the mass flows
across the channel at most.of the stations are lower than the given
inlet value and that the division of mass flow is such that the mean
streamline should be shifted considerably toward the suction surface of
the blade, especially along the middle portion of the streamline. So
that the location of the chosen streamline will not be too close to the
suction side, a streamline which has a mass flow between it and the
suction side of 65 percent of the total mass flow in the channel is used
for the remaining calculations (fig. 10). The variations of (T*r*p*W;)c

and (p*W{)c teken fram the corrected values are shown in figures 11(a)
and 11(b), respectively, by the square symbols. :

With these starting values for the 65 percent streamline, a new
cycle of calculation is made according to the setup shown in tables I
and II. Correction in the shape of and the specific mass flow along
the 65 percent streamline is further made in the same manner as pre-
viously.

The same process is repeated two more times. To expedite conver-
gence, the corrected values obtained are not directly used as the start-
ing value for the next cycle. Instead, an interpolated value of all
previous calculations is used. This interpolation is done by plotting
the starting and corrected values of each cycle of calculation along the
sbcissa and ordinate, respectively. The intersection of the curve join-
ing these points and a 45° line passing through the origin is taken as
the more correct value to be used as the starting value for the next
cycle of calculation. The third cycle of calculation thus obtained for
the 865 percent streamline shows sufficient convergence. The successive
shepes of T*r*p*W{ and D*W; for the 65 percent streamline are cam-

pered in figures 11(a) and 11(b). The accuracy of the last solution

is also indicated by the values of residuals (teble ITI) of the differ-
ential equation in the stream functlon camputed according to the method
given in reference 4. The estimated error in p*Wf divided by the

approximate value is given in table IV. (These ratios indicate the
order of magnitude of error in velocity.) :

Comparison of theoretical and experimental flow variation. - The
velocity distributions along the 10 percent and 90 percent geometrical
lines taken from the experimental data reported in references 6 and 7
are compared with the theoretical value computed for the same position
in figure 12. It is seen from this figure that the theoretical velocity
gives a qualitative picture of the experimental variation, and that the
average theoretical velocity is, in general, relatively low, especially
in the first half of the flow passage. If the effect of the assumed
surface of revolution for the actual twisted surface is disregarded,
most of this difference probably can be attributed to the relatively
large error in the assumed T/T; variation for the first half, as
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indicated by figure 9. Toward the trailing edge of the blade, the
reduction of flow area due to boundary layer along the blade surface
should also increase the velocity in the actual case. It is of interest
to note here that no negative velocity occurred at the pressure surface
of the blaede in the theoretical solution.,

The theoretical and experimental pressures along the blade surface
are compared in figure 13. In general, the two agree much better than
in the case of velocity distribution, and the difference in pressure
on the two sides of the blade for the experimental data is larger than
that for the theoretical value. The differences among the theoretical
and experimental values should be explained through the difference in
velocity and the smaller increase of total pressure due to losses in the
actual flow.

The theoretical and experimental variations of relative velocity
and static pressure across the passage are compared in figures 14 and 15.
In figure 14, the theoretical velocity is lower than the experimental
value in most places. From pressure surface to suction surface, the
theoretical velocity also has a higher gradient than that of an average
line drawn through the experimental data. Besides the assumptions
made in the theoretical calculations, there is also the experimental
error in the measurements of static and total pressure; this differ-
ence in pressures is used in the computation of the experimental
velocity. When the velocity is small, the normal error in the pres-
sure measurements can cause & very large error in the velocity so
computed (see reference 7).

On the other hand, the theoretical and experimental static pressures
agree well throughout the passage (fig. 15). This good agreement indi-
cates that the present gpproximate method of solution should be useful in
predicting, comparing, or improving the performance of, at least, similar
type machines. \

CONCLUDING REMARKS

A method is presented to obtain a relatively quick approximate
solution of the detailed subsonic flow of a nonviscous fluid past arbi-~
trary turbomachine blades along a given arbitrary surface of revolution.
The method is illustrated with examples of compressible flow in a tur-
bine cascade and in a centrifugal compressor. Three terms in the series
to account for the circumferential flow variation from the chosen stream-
line about midway in the channel to the blade surface are found to be
sufficient. TFor a centrifugal compressor, the mean streamline shape is
found quite different from that of the blade mean line; consequently,
correction for the mean streamline shape is necessary. Sufficient con-
vergence is obtained after two cycles of camputation for the turbine

¥8¢2
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cascade and four cycles for the centrifugal compressor. (Each cycle of
computation can be done in 16 hr.) The detailed flow variations

obtaelned compared very well with an available numerical solution and
experimental measurements.,

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronaubics
Cleveland, Ohio, February 12, 1952
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APPENDIX - NONDIMENSIONALIZATION OF EQUATIONS

In the examples, all gquantities

are made dimensionless as follows:

W W
* r * T * 1 * 1 *
T Ly LU SIS Rl SR .
T T’ AL T A T
W u* U * P * h * I * M
= . = — 3% P = s h™ = s I¥ = + M = —_—
Wil W17 Py 7 wzz L WZ2 L TyT4P3Wy 4
J 2

In this dimensionless form, equations (3), (4a), (6), (7), (10)
to (14), and (18) to (18) appear as follows:

1
2 W3 2
I* + = Ut - L1
* 2 2
p = ¥
i

*2 =
sz,i I" + 50Uy

(31)

(4a')

(6')

. (o*u*
d=(p Wl sec B)c Zh{ h;
o1
w« L 42 42\ 71
Z " I + E Ui r
= pc h;

O | s AT (o
dir¥ = THp¥ azr P

(7')

+2Uj"_‘r*) sin o| cos? B (10')

7822
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a‘, * d-W* - d. T*r*p‘w*)
ﬁ: [r*ai%+(W$+2Uj‘_‘r*) sincr] tan B -T}p* ( % ! cos? B
(11+)
1 3* 1 oo Ok (121)
P39 T T (T + L2 2 _ L2y [0 39 3%
2
W *
MG | 2 pralrtriotw) q @ [T*r* (p* 5%+ %%—)]
3P |1*o* o9 aF THF a* +
Py ey
tan B <r* d'Td"‘- Wq)+ sin ¢ gﬁq—)> cos? B (13+)
32w, ey 2y M
_ % _d 9"y P P : '
7 _ra-;-gq)——tanﬁcpz+5inccp (141)

oWy ek
W{ = (W{)c +(a_cpl_> (P-0,) + 2}—1<an21 (o fpc)z oo (16')
P
MY = T*r*fq,sc ?*w{ ae ‘ (17+)
P
M; = T*r*ﬁcp p*W{ ae (18')

In the second example, ~'l:he'velocit}_r and static pressure are given
in terms of, respectively, the velocity of sound at the inlet total con-
dition and the inlet total pressure

st o = mmrar e b 4 i et = o e s e Tt r——— e o o oo P e . . o e earern. =t —
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The dimensionless form of the partial differential equation in the_
stream function used to compute the residual is obtained from equa-
tions (4) and (5) of reference 1 or equation (26') of reference 4. (In
that equation, the last term in the second parenthesis, 2wp sin o,
should have & minus sign.)

d8y* (sin ¢ d1In T*> y* 1 dZy* .
»x
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TABLE I - COMPUTATION OF FLOW ON MFAN STREAMLINE AND FIRST AND EECOND ®-DERIVATIVES AT MEAN STREAMLINE

SRAGA

Station ® ©) ® | ® @ (o)
1 r* il T 8in g Fram (Fﬁ"w; gect Bm
curve 2
@ +1
(T*Q*T*W?f

1 o 1 L ====== [ ==~--= 1 1 2,3383
2 1.1 | l1.0088 1.0375 | L.04B4 | =-==== | ==e=-- 1,001B .9574 2.5874
3 2.2 1.0589 11,0333 | 1.0842 | ~===== 0.5707 1,0100 . 8230 2.5723
4 5.3 1.1571 8475 | 1.0864 | -~mm-- 7907 1.0285 .9362 2.8799
5 4.4 | L.2736 .8580 | 1,0927 | =----- .8969 1,0800 . 9701 3,1880
] 5,5 | L.4025 L7747 | L.0865 | =-==-- . 9638 1.,1280 1.0391 3.3214
7 6.6 | 1.6337 L7000 -0.2599 .5788 1.21C0 1.1270 35,1025
8 T.1 1.6663 .6229 -.3730 .8880 1.2210 1,1764 2.5949
9 8.8 | 1.8012 5538 - . 4624 . 99286 1.1747 1,1781 2.0500
10 9.9 | 1L.9350 .5000 -.5274 9945 1.1414 1.2797 1.5971
11 11.0 | 2,0889 4583 -.5708 . 9962 1.1175 1.178% 1.2897
12 12,1 | 2.2049 L4250 -.5983 | .9976 1.0990 1.1728 1.1105
13 13.2 | 2,53399 5958 -.6139 .9985 1,0857 1.1723 1.0342
14 14.3 | 2.4748 3705 -.620L . 9886 1.0740 1.1712 1.0027
15 15.4 | 2.6086 3475 -,.6209 . 9887 1.,0637 1.1721 1
16 16.5 | 2.7436 3271 -.6199 .9990 1.0540 1.1745 1
17 17.6 2.8820 3083 -.6204 .9992 1,0450 1.1761 1.0254
18 18.7 | 3.0135 L2917 ] BT8O0 | meme=- 9593 1.0380 1.17856 1,185
19 19.8 | 3.1497 2759 ] .B6E0 | —r--m-- . 3894 1.0277 1.1826 1.5735
20 20,9 | 5.2834 2622 | .8810 | =-=--- . 9997 1.0183 1.1838 2.1004
2l 22.0 | 3.4200 2500 | .B5R0 | ------ . 9997 1.0119 1.1835 2.772L
22 23.1 | 3.55z21 L2400 | JBBEE | smemem [ mmmme- 1.0058 1.1796 3.,5170
23 24.2 | 5.6883 2333 | L8608 | ~mmmmm [ eme—ee 1 1.1621 4,4399
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TABLE I - COMPUTATICN OF FLOW O MEAN BTREAMLINE AND FIRST AND SECCND ®-IERIVATIVES AT MEAN STREAMIINE - Contimed

20Lg NI VOVM

Station 1) 1 63 ] @ @ @ | @ @
L - Tl
-1 -
(p"wi sec B)i I* +%012r*2 *+§ ;-.21‘*2 ‘+%U'12r*2 o 590 ﬁ‘Em P w'll,m wc; m
@2 @ ny hy by ¥l ,1 taple | @ @ ®
: 0.01127 (@) 2 ° Zhy RO
* 205 "6 @
+1.0084 () @
1 2.530% 1,0197 1.0500 0.8895 0.0875 0.9525 | 1.0001 {0.9888 | -1.157¢
2 2.188% 1.,0199 1.0505 .8885 .0815 .9560 | 1.0043 | .9533 | .1.1229
3 2,1914 1.0210 1.055% .8828 .0813 L9561 | 1.0071 | .9165 | -1,1492
4 © 2.5241 1.0235 1.05%8 .8899 .0920 .9498 | 1.0066 | .8501 | -1.275%
5 3.0002 1.0267 1.0681 .6538 .1075 9403 | 1.0043 | .9658 | -1.4288
6 3.,5862 1.0306 1.0783 .8346 .1255 9288 | 1.0016 [1.0374 | -1.5808
7 3.9406 1.0549 1.08%5 .8140 .1345 9229 | 1.0055 {1,1208 | .1.6252
8 3.6811 1.0397 1.1022 7917 1195 9327 | 1.0260 J1.1444 | -1,4453
9 2.,8452 1.0450 1.1163 .7878 ,0920 9498 | 1.0602 [1.1112 | -1.1388
10 2.8227 1.0508 1.1313 L7437 .0695 .9629 | 1.08%4 J1,0829 -,8388
11 17900 1.0567 1.1478 .7183 .0540 .§716 | 1.1155 [.0583 -.5685
12 1.5274 1.0832 1,1656 .6923 (0445 .9768 | 1,1%85 [1.0301 -
13 1.4215 1.0701 1.1848 .6650 L0400 .879% | 1.1600 [1.0106 -
T4 1.5754 1.0774 1.2049 .6393 .0370 .8809 | 1.1819 | .9%09 -.0519
15 1.5738 . 1.0851 1 1.2265 .6126 .0355 .9817 | 1.2040 | .8735 0
16 1.57%5 1.0832 1,2495 .5859 .0340 .9825 | 1.2877 | .8567 0
17 1.4183 1.1018 1.2743 .5590 .0335 L9827 | 1,2522 | 8392 -.1487
18 1.8518 1.1107 1.3001 .5326 .0370 .9809 | 1.2752 | .9242 -.4017
19 2.2008 1.1202 1.3281 5061 L0470 .9755 | 1.2855 | .9129 -.6913
20 - 2.9440 1.1299 1.3571 .4806 .0595 .98688 | 1.314¢ | .8007 -.0448
21 5.8828 1.1400 1.3876 .4556 .0745 .9601 | 1.3325 |.8883 | .1,1825
22 4,8938 1,1508 1.4201 4310 0885 .B518 1.3518 .8728 -1.554d
2% 5.9960 1..1817 1.4546 .4069 .1025 9434 | 1.3725 | .8468 | -1.5708
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TARLE I - COMPUTATION OF FIOW ON MEAN STREAMLINE AND FIRST AND SECORD ®-DERIVATIVES AT MPFAN BTREAMLINE - Contlnued

Btation | €D ) €3 €3 @3 3 (] (&)

- » -
» Hg 1 a(T*fpw{hQ:$+ zu’irjm sin o| cos?py| 1 a(T*r*e*Wi), 3 ¥ s fowt
di* T*O; — ¥ T#p;l dle P ®/m

- 2.3168 @+
@31@ 1 NG ( @+ @) @ & B 66\ 0-6-6

@0 af x(® @ 6 0
I ey e R I ———— 0.4275 |  =mmemm | ceemem | eee- --
P e [Py [ A s PET:Y N I O B
3 -0.6195 | 0.8610 | 0.0850 0.7442 .5888 0.0817 0.0087 -0.0925
¢ -1.2710| 1.0485 | ,1684 1.1113 5472 .1766 -,1395 .0147
5 -1.5463 | 1,1805 | ,3828 1.3650 3157 L4442 -.2630 -.0552
6 -1.2133| 1,2888 | 6208 1.8080 .3011 .8001 - 2483 -.4220
7 1.7502 | 1.4208 | .38%6 1.8892 .3223 5450 5960 -1.4092
8 5.2397 | 1,5617 | -.1820 2.3886 3854 -.2842 2.3075 -2.6295
9 4.,2386 | 1.7038 | -.3361 3.0120 .4878 -.5726 3.8251 -3.5449
10 4,1312 | 1.8359 | -.2072 3.6261 .6261 - 3804 5.0408 -3.5155
11 5.83586 | 1.9564 | -.1545 4.2109 7754 -.3023 8.5677 -3.1249
12 3,0863 | 2,0667 | -.1155 4.7545 .9005 -.2387 7.1321 -2.1321
13 2,5562 | 2.1780 | -.0903 5.2262 . 9669 -.1987 7.5407 -1.1884
14 1.7827| 2.2836 | -.080S 5.6738 .8973 ~.1847 7.4261 -.1985

15 .6087| 2.3874 | -.0757 6.0357 1 -.1760 B.6444. 0

18 -1.4361| 2.4802 | -.0689 6.3500 1 -.1716 4.9158 0
17 -4.4882| 2.5903 | -.0667 6.5220 .9752 -.1728 2.0102 - 1480
18 -6.3037| 2.6683 | -.0640 6.5754 .B410 -.1721 .2914 .0453
19 -6.4408| 2.7978 | -.0621 6.6020 6355 -.1737 .1850 .0327
20 -5.9741| 2,9016 | -.0593 6.6605 4761 -.1721 4127 - .2608
21 -5.5695 | 3.0023,| -.0506 6.7369 .3607 -.1519 4948 - .5069
R it SRR AR I —— 2843 | mmmmee | mmen | e
23 S ) [ e 2252 | mmmmem | memeee | e
- TR AT

¥Bke

22
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TAELE I - COMPUTATIOR OF FLOW ON MEAN STREAMLINE ARD FIRGT AND SECOND ®-DERIVATIVES AT MEAY STREAMLINE - Coneluded

dtstian & & & O | & | &8 & | & )
x

L . 1 %n a8 | a@

47 |nr @-800 S5 T08 89 008 | &
n

2
(E] "'@27 59.5238 2.5 &9 NOYZ)
X 0.5 ©- @ B _@T
1 l-ggg 59,5269 |-e-eee | -- wrmm | | mm——— mmmmarm | wnmeine | mmm—— - ———————
2 1. 59.6236 crmmee | mmmmmn | ccm——— crmenn| mmmmmn | mmmmeen | mmmmee | mmmmee | e cm——
3 1.0803 59,8935 0.1145 [-0.0048 -0,00078| 0.0043| 0,0047 | ===—=mn | =m=emm e | cmm——— LS
4 1.2457 59.68768 |-.1485 L0062 | ,0022 [ ~.1337] -.1476 | cmemeaa B I memmmen | cmmmeee
5 1.4872 59,6259 |-.1752 .0075 | .0085 | -.2559) -.2808 | -1.,0026 | -1.5440| -1.7612} . 1.1845 -0.0084
6 1.7872 59,5580 4085 | -.0172 | -.0275 | -.2860( -.2885 | 2.4140 | -6.05B63| -7.4967| 2.4941 -3.68987
7 1.5487 58.6525 2.9582 | ~.1240 | -.1352 4570 4933 | 9.5485 | -8.8725(-14.9885 | 2.5886 -11.2350
8 1.8995 80,1878 6.4411 | -.2875 21520 | 2,0014| 2,1354 | 12,3890 | -7.68511]-15,3496 .07238 ~15.,2575
9 1.2856 80.9388 8.05687 | -.3305 3785 | 3,4558| 3,6532 | 10,1544 | -5,5170| -9.2947 | -3.6089 -12,8827
10 . 8365 81.5832 8.4008 | -.3409 L2554 | 4,8717| 4,9239 | 10,1831 .7798| -1.9876|-10.5810 -10.1638
11 L7195 62.1793 8.5027 | -.3419 .2067 | 6.0066 6;5548, 8,9972| 5.5078| 8.82876(-16,9187 -,8170
12 5882 62,6965 8.0768 | -.3221 1538 | 6.8005) 7.2552 | 5.3219 | 7.4877| 14.5365 |-15.8717 9.7275
13 5201 63.16085  |7.8447 | -.3105 | .1222 | 7.22689| 7.7657 | 1.8891 | 7.8214| 16.8567] -7.0466 15.3331
14 ADES 65,6386  (7.5688 | -.2895 | .1069 | 7.1582] 7.7375 | -2.5564 | 4.6029( 11.1950| 5.34B83 11.4733
15 L4738 64.1155 6.4685 | -.2522 | .o888 | 6.3969( 6.8916 | -B.5845 .3318 .B658 | 21,4808 .Ba58
18 L4578 64,8128 4,7011 | -,1819 .0824 | 4,7399| 5.2221 |.19.2833 | -.8816| -2,4188| 48,0017 -2.4188
17 4528 £5.1310 1.9101 | -,0733 ,025% | 1.9414| 2,1800 20,0588 .2058 4389 | 50,5751 8.5058
18 .5078 85,8055 .2511 | -,0098 ,0033 .2825 .3167 | -6.7125 | 1.0536| 3.2203| 14.0011 9.3066
19 6556 66,0230 1472 | -.0056 .0018 .1B09| .2057 | 1.68353 | -1.2808| -4.0330| -.6554 ~4.7641
20 .8520 66.4059 .6182 | -.0235 0080 5817 ALSS | mm————— mmmemm | emmmmen | mem—ea— rm————
21 1.0837 66.7654 |1.0388 | -.0389 | .0118 AB02|  LBBAB | mmemmmm [ mmmmed| mmemmen [ mmeees m——m——-
22 1.33%0 87.1451 I g EECEE LR FEE R PP R e B I
23 1,5918 87,5568  |emmee= | memeee | cmmemea| e mmmmea | mmamon. mmwmne | meesoss | eema——— ———————
e
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TABLE II - WADG-FLOW VARTAMYTON AT OTATION 1P

Q1 B®1e [& ® O @ | O @ & W |®|e O
a,[* hﬁzﬁ;. 2 ey 139 - . lTJJ'l?'T" 1. .2 Par

1 = 0y LI W Y -

? w;,. # (521) PRy | T 1] W "’c;,. (%)‘ (%) e 'l 4 TTeW| x |Total|cent-
™ @'*@5@ = [DHDEN 2@ roems. |@P3 osm gl it

masn

|+ *’@@ 0.0084% I £low

eI R [— s | 0. 2188 [0. 08550 (0. 2882 | wmemoc| memoeo | emenan «0.2063 | 0,1288 1.0621 1.1826 [ -0.3140 P.OTIY wmrsomn| ==
< 7810 | wrvmen | wmmeme] cmaaen -.1827| 015255 | -.0016 | mmeene| cvmemn | mmceaea -1780 | 052 1.0829 1,1847 | =-.0017 | .0BGG|-—-m—| 24
-.7068 . - 1006 | 0056088 | ,B137 | reweec| aooeoe | ameeea- -.1%27 | .18 1.0621 1,1838 M8 | OTTH mmmeea] -
-. 6525 -.054a| 00L4TL| 8576 -,B4T2 | 4935 1.0591 12544 14 -
-.8%a% | 13,0201 | 7.1321| 9.7275( © o 1.0801 [-0,3424| -2,1821 | -13,8727 | -.3424 (21,1763 1.0388 1.1388 | 1,0991 0,3654| --
-.5448 0535 | L0051 | 14226 - 4764 | £,2695 1.0442 1.14E | 2.4888 -
-.4013 1070 | .C08724 | 1,B4B9 -,B8489 | 5,B408 1.0%08 | 1,019 | 1.8698 | .1891|umean| --
-.4518 .1a06 | ,OIR880 | £,5001 -.6633 | 6,0387 1.0125 1,0515 | 2.2233 | ,2688]~mmnnn ]
-,3845% 401 L0ar8e8 | 2,778 =1.,1163 | 68,9695 gyt JH100 £2.6262 | .3EY-mwmmn]| ==

y8ge
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TABIE III - RESITUALS OBTAINED IN CENTRIFUGAL IMPELLER

2384

@ Station
T 8 9 10 11 12 13 14 15 186 17
STV 1o) [ PSS US [N [ R RN R SUTUREURY SR U R
w75 | mmmmee | o] e | e | e 0.3208 |-0.5986 | -0.3198 | -0.2762 |-1.8827 |-0. 9203
SR 4] [ESSTSSY U (NN I RN .0531| -.0132| -.6849| .4481 |-1.4503| -,2995
3 PSS [ -0.4237 [-0.0496| .0583 | -.5224| -.1166| -.0428 | -.6472| -.2425
U7 ) [RFSOSRRG RS DU -.4498| .1272|-.1133| -.5021| .0383| -.3632 | -.1410]| -.2351
1 [ R 0.3820| -.6658 | .0875|-.1688| .0710| .1207| .0544| -.3666| .0225
=50 | mememn -0.1122( -.4411| .6046 | -.9682| .2019| .2963| -.7490| -.0897 | -.0897 | -.3331L
Y- [ -:T145| .3554 | ~.2592 | =.0411|«.0177 | mcemmm| ccmmo |t commme | e | e
YY) .4582( ~.2200 | 2748 | —ecae- OSSR RO (RS PR (Y
=35 -0,1596 | .0338| 44235 | mmemme | amccomfcocmom | cmmcee| mmccen | cmmen | - ———
.30 |-2.6699 | ~.7140| mmmmmm | mmeccm | cmmmee [comioe | oo e s | e | e
.25 [-2.8672| .5540| cmcmme | ccmmcm | commem |memcn | ammeee o | mmmme S U [N
20 |=2.0695 | smmcma| mmemmm | mmmeen | s [ mmmmmm | mmsana | cmmeme| ccmcon | acmme e | mmeeeo
=15 [=1.7244 | memmmn]| mccma | ccmmnn | cmrmee | acmcmn | mmmmme | mecaes| s | cmcmee | mmmmem
S Lo [ eiItete NS DIVGISUOuE B SVRIOEY JUVPRUY FRE S R [P PRI [

dy
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TABIE IV - ESTIMATED PERCENTAGE ERRCR IN p'W7

W
P Statlion

7 8 9 10 11 12 13 14 15 16 17
=0.75] mmmmmm [ cmmmmn fmmmmen | mmmmee | e 0.1001|-0.3010|0.2672|-0.4396 [ -0.2266 | -0.1695
S (o] [ERVRSEPIY PUVIPPIVEY PUPRY R BT .0176| -.0198|-.0159| -.0270| -.1279| ~-.0489
I e ~0.0091 |-0.0276| .0074| .0226| .0358| .0435| -.0780| -.0036
=80~ e e .0095| -,0048| .0075| -.0132(-.0083| ~.0004| ~-.0120| -.0123
SR 1] EE R EEE 0.1067| ~.0304| .0292|-.0082| -.0209| .0212| -.0128| -.00L7( .CO3S
8- ¢ EEETELS 0.0907( .0007| -.0094| .0028(-.0032| -.0022| .0578| .0085; -.0293| .0474
45| v -.0138[-.0048| .0085| =.0695| .0187| =m==rmr|~m=m=m| =-memee] cecmme| eme---
=0 mmmm—- -,0155|~.0017| =.043L| ~memcme|mamuun| mmmmerfemcmne | e | e} e
-.35/0,0815] .0219|~.045L] cememm| cmmcmclccmmen ] cmmeen o mmmn ] mmmmme ] cmmmen ] —mmme
o L o - o B o = O e B e el B B B B Bt
-.25{=.0107 |~.0769 |wmmanu| mmmmce| cmcmac|cmccce | cemee fmmmeme | maeden ] oo mmaes
~.20|-.0204 |m=memmm | mmmmmn | mmmmen | mmmmme [ mmmmma | mmmmen | memmen | esemen [ ammcme | e ———
~ 15| - 0437 [m=~mmm | mmmmme | mmmeee | cmmcem mmmce | cmmmem e | memeen | —mmema | s
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(0} Axial-flow turbine.

—_— - ['A -

- - z

(c) Mixed-floy compressor. (4) Centrifugsl compressor.

of revolution W .

(e) Mean surface of revolution and orthogonal coordinates
1 and @ on it.

Figure 1. - Flow along stream filaments of revolution in verious types of turbomachine
apnd orthogonal coordinates for mean stream surface of r.volution.
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L 1\

Station 1 2 3 4 56 78910 12 14 161820 23
(b) Centrifugal compressor

Figure 2. - Concluded. Blade sections on mean surface of revolution.
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Figure 3. - Intersecting 5, and Sp surfaces in a blade row.
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/7/7/f<f’7’7—7dEr7-7\7§~7§“)\
. Suction surface

(a) Stations along .

q’s ! cpp
® ,
(b) Variation of pWy © .
Mass flow across
and its correction c
across channel, zﬂi’i_iﬁiﬁ its

Figure 4. - Corrections for position of chosen streamline and
specific mass flow across channel.
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2.0 Starting mean streamline
T | Corrected mean streamline coordinate

1.6}

(2) Mean streamline.

Figure 5. - Starting and corrected values for turbine cascade.
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(b) (Ew;)c plotted against =z/L.

Figure 5. - Concluded. Btarting and corrected values for turbine cascade.
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(a) Axial component.

1.6

Figure 6. - Comparison of velocities for present and relaxation solutions for

turbine cascade.
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Figure 12. - Theoretlical and experimental velocity distribution
near blade surfaces for centrifugal impeller.



44 -~ NACA TN 2702

1.30
1]
O Theoretical 0
O Experimental ; )"u;"ﬁ
1.20 / /;
/ Vi

P/Pti 1.10 /o, = , /
7 / AV
4 /*Wﬁ/
1.00[ /0,/ p Q'
\_O//(r /[]/ Sucticn surface
~—"|

|

l2 13 14 15 i 17 18 13 20 21 22 23 24
Radius, in.

Figure 13. - Theoreticel and experimental stdtic-pressure distribution
along blade surfaces for centrifugal impeller.




P N
A I
A VAL A LA AT \
,////\ \_ \ \p P i °\ o\\ n\l
/;/4 \ \\ X : X\P \\ 4\ o‘§ \a
AR s
% K =8" =
q /\2 /"j(. o .:/a: 6
\" //,/ )
e
AN
VAV
///‘
%
V7 A

Figure l4. - Comparison of thecreticel end sxperimantal relative veloolty distribution across passags for
cantrifusal impeller,

20L2 NI VOVN

et



46 RACA TN 2702
] C g
R 9
{2 &
[-] lllldulanllmljl..r m
5
" 3
— | . A
o 15— — .Hn.lln m
rl owm ?
T T ik
= B
e 53
N E
\ &
TR e
\ RN -
\ ] T Ty , mm_
{ 1\ 5
N T NN 7.
N N 1 s o
/ \ it
Y @
NN ._,w
N N N /.., ® o~
33 //// // > g
i ENSE RS NEEN
4 NN NI g
. // /ﬁl._ullulluljl.ulll.olw.uﬁ/ - o
~— ~——N m_
&
! ' o i ,.
MACA-Langley - 8-10-52 - 1000



